We model, for the first time, the Bondi-Hoyle accretion of a fluid with velocity gradients onto a Kerr black hole, by numerically solving the fully relativistic hydrodynamics equations. Specifically, we consider a supersonic ideal gas, which has velocity gradients perpendicular to the relative motion. We measure the mass and specific angular accretion rates to illustrate whether the fluid presents unstable patterns or not. The initial parameters, we consider in this work, are the velocity gradient v , the black hole spin a, the asymptotic Mach number M ∞ and adiabatic index Γ. We show that the flow accretion reaches a fairly stationary regime, unlike in the Newtonian case, where significant fluctuations of the mass and angular momentum accretion rates are found. On the other hand, we consider a special case where both density and velocity gradients of the fluid are taken into account. The spin of the black hole and the asymptotic Newtonian Mach number, for this case, are a = 0.98 and M ∞ = 1, respectively. A kind of flip-flop behavior is found at the early times; nevertheless, the system also reaches a steady state.
INTRODUCTION
Gas accretion onto black holes is of great interest since this process is associated with the formation and growth of Super Massive Black Holes (SMBHs), X-ray transients and gamma-ray bursts (GRBs). Observations at distances close to the black holes will be possible due to the Event Horizon Telescope (EHT) 1 , which is a very long baseline interferometry (VLBI) array consisting of radio telescopes devoted to observe the immediate environment of a black hole with angular resolution comparable to the event horizon. This idea opens a new window on the study of general relativity in the strong field regime (Broderick et al. 2014) , accretion processes (Ricarte & Dexter 2015) and fundamental black hole physics. In fact, initial EHT observations have made the first detections of structure to scales smaller than the gravitational radius around Sagittarius A * (Doeleman et al. 2008; Fish et al. 2011) , the SMBH hosting the center of our aosorio@astro.unam.mx (ACO) † fadulora@uis.edu.co (FDLC) 1 http://www.eventhorizontelescope.org
Galaxy with a mass of M = 4.1 ± 0.6 × 10 6 M (Ghez et al. 2008) .
Another project associated with the study of phenomena near to the event horizon of a black hole is GRAVITY 2 , which is a new instrument for precision narrow-angle astrometry and interferometric imaging with high sensitivity and accuracy. This project was designated to explore physics of the space-time close to the event horizon of the galactic center black hole, for instance, measuring its mass, revealing the details of mass and angular accretion rates, spin and inclination, and also jets. Another interest of GRAVITY is identify if the near-infrared flares from Sagittarius A * originate from individual hot spots close to the last stable orbit, or from fluctuations in the inner accretion disc, or from a jet (Bartko et al. 2009; Gillessen et al. 2010; Eisenhauer et al. 2011) . Based on these last paragraphs, know about the accretion processes close to the event horizon is of great significance for the future observations.
There are many types of black-hole-accretion problems. One of them is the Michel accretion (Michel 1972) , which is the relativistic extension to the Bondi accretion problem (Bondi 1952) , consisting on the radial accretion of a homogeneously distributed gas surrounding a spherically symmetric black hole, under the assumption the space-time is fixed, which means the fluid is not sufficiently massive to change the black hole mass. This solution depends on two free parameters, the density and pressure, at a point where the fluid velocity equals the sound speed. A recent work has reformulated this accretion problem as a dynamical one, and under assumptions on the fluid equation of state, the authors determine the local and global qualitative behavior of its phase flow, proving that for any given positive particle density number at infinity, there exists a unique radial steady-state accretion flow, which is regular at the horizon (Chaverra & Sarbach 2015) . On the other hand, the authors also study the spherical and non-spherical linear acoustic perturbations of the Michel flow (Chaverra et al. 2015b ) as well as the properties of a polytropic fluid, which is radially accreted into a Schwarzschild black hole (Chaverra et al. 2015a) . In Guzmán & Lora-Clavijo (2011a,b) the conditions for stable radial accretion and runaway accretion of an ideal gas have been studied. More recently, radial accretion in the non-linear regime has been used to study primordial black holes during the radiation-dominated era, showing that they can grow up to 10 3 − 10 6 M (Lora-Clavijo et al. 2013). In the same regime, Lora-Clavijo et al. (2015a) studied the accretion of self-interacting dark matter into a supermassive black hole for the particular case of radial flows.
Another type of accretion problem is known as the Bondi-Hoyle-Lyttleton (BHL) accretion (Hoyle & Lyttleton 1939; Bondi & Hoyle 1944) , which consists of a homogeneous fluid moving toward a central compact object. The morphology of this process depends on whether the gas velocity is supersonic or not, that is, a shock cone appears when the fluid is supersonic and in the other case not. This process shows interesting properties when considered within the Newtonian and relativistic regimes, which have been explored based on several numerical studies. A summary of results, under Newtonian gravity, can be found in (Edgar 2004; Foglizzo et al. 2005) . The first works in the relativistic regime, using axial and equatorial symmetries, were performed by Petrich et al. (1989); Font & Ibáñez (1998a,b) ; Font et al. (1998 Font et al. ( , 1999 , where different patterns close to the black hole were studied using numerical evolutions. On the other hand, relativistic BHL has been used in the astrophysical context, for instance, in (Dönmez et al. 2011; LoraClavijo & Guzmán 2013 ) the authors found vibrations in the shock cone, which may potentially explain high energy process like QPOs. Dönmez et al. (2011); Dönmez (2012) showed a flip-flop behavior of the gas surrounding a rotating black hole. Thereafter, in Cruz-Osorio et al. (2012) was shown that when Boyer-Linquist coordinates are used, the shock cone oscillates in a flip-flop fashion,whereas when using Kerr-Schild coordinates such behavior does not appear. More realistic scenarios introduce astrophysically relevant ingredients like magnetic fields (Penner 2011) , radiative terms ) and inclusive ultra-relativistic processes associated with the growing of primordial black holes during the radiation era (Penner 2013; Cruz-Osorio et al. 2013) .Recently, (Lora-Clavijo et al. 2015b ) showed a numerical study of the Bondi-Hoyle accretion with density gradients in the fully relativistic regime. In this work, the authors presented different astrophysical scenarios, associated with stellar, intermediate-mass and supermassive black holes, where Bondi-Hoyle with density gradients can take place.
In this manuscript, we present, for the first time, a numerical study of the relativistic Bondi-Hoyle accretion with velocity gradients around a rotating black hole. Specifically, we show the gas morphology and some of its properties. This work is a complement to the work (Lora-Clavijo et al. 2015b) , where a non-homogeneous fluid was considered to study the Bondi-Hoyle accretion in the fully relativistic regime. According to Ruffert (1997) , in the Newtonian regime, the models exhibit active unstable phases and the mass and specific angular momentum accretion rates fluctuate with time. Therefore, in order to confirm or discard these fluctuations in the relativistic regime, the space of parameters we explore is: velocity gradient parameter ( v = 0.1, 0.2, 0.3), spin of the black hole (a = 0, 0.5, 0.98), asymptotical Mach number (M∞ = 1, 3, 4, 5) and adiabatic index (Γ = 4/3, 5/3, 2). In all the cases, we found a dragging on the shock cone due to the velocity gradient. On the other hand, all the considered models reach a fairly stationary flow pattern, as in the case of density gradients (Lora-Clavijo et al. 2015b ). Finally, we show a special case, where both density ( v = 0.3) and velocity ( ρ = 0.5) gradients are assumed for a black hole with a very high spin (a = 0.98). In this case, we found a kind of flip-flop behavior at the early times; however, the system also reaches a fairly steady state.
The plan of the paper is as follows. Section 2 briefly describes the relativistic hydrodynamic equations as well as the numerical methods employed to carried out the simulations. Section 3 describes the initial data corresponding to a fluid with density and velocity gradients. Section 4 shows our numerical results. Finally, in Section 5, we summarize our main results and discuss them. We use units in which G = c = 1 in such way that length and time are measured in units of M .
EQUATIONS AND NUMERICAL SETUP

Relativistic Hydrodynamic Equations
The relativistic hydrodynamic equations, in a curved spacetime, can be derived from the local conservation of the energy-momentum tensor ∇ b T ab = 0 and the conservation of rest mass ∇a(ρu a ) = 0, where ρ is the rest mass density, u a are the components of the 4-velocity of the fluid elements and ∇a stands by the covariant derivative associated with the 4-metric g ab . We use a perfect fluid to model the relativistic gas, with energy-momentum tensor T ab = ρhu a u b + pg ab , where p is the thermal pressure and h = 1+pΓ/(Γ−1)ρ is the specific enthalpy. We have assumed the gas obeys an ideal equation of state p = (Γ−1)ρe, where e is the specific internal energy density and Γ the adiabatic index. In order to see in more detail the equations used in this work, we refer to the article Lora-Clavijo et al. (2015b) . Latin index run from 0 to 3.
These equations are solved onto a rotating black hole in Kerr-Schild coordinates, which allow that the fluid naturally falls into the event horizon Cruz-Osorio et al. (2012) . On the other hand, we will restrict the polar coordinate to θ = π/2, thereby restricting the flow to the equatorial plane of the black hole. The axis of rotation of the rotating black hole is orthogonal to the direction of the fluid flowing from infinity. The infinitely thin-disk approximation is highly restrictive and is used to gain a basic understanding of the flow morphology when velocity gradients are considered. To obtain a full understanding of the nature of accretion onto a rotating black hole, a full three-dimensional evolution will be necessary. Finally, we compute the mass and angular accretion rates in a spherical detector located close to the event horizon, see Lora-Clavijo et al. (2015b) .
Numerical Setup
This work is carried out using the CAFE magnetohydrodynamics code Lora-Clavijo et al. (2015a) . CAFE includes different schemes for solving the relativistic hydrodynamics and magnetohydrodynamics equations as well as the Newtonian magnetohydrodynamics Gonzalez-Aviles et al. (2015) . In particular, the code is based on high-resolution shockcapturing schemes, uses the HLLE flux formula combined with minmod, mc and weno5 reconstructors and in order to preserve the magnetic field divergence it uses or Flux Constrained Transport or Divergence Cleaning methods. Even though the relativistic magnetohydrodynamics in CAFE is written on the Minkowski space-time, the relativistic hydrodynamics routine solves the equations on a curved spacetime in equatorial and axial symmetries Cruz-Osorio et al. (2012); . In order to update in time, CAFE uses the method of lines combined with a third order TVD (Total Variation diminishing) or fourth order Runge-Kutta time integrators. Finally, in order to get the primitive variables in terms of the conservative ones a hybrid bisection Newton-Raphson algorithm is used in each time step within the evolution scheme.
In this particular work, we use a fourth order RungeKutta time integrator combined with the HLLE approximate Riemann solver and the minmod linear reconstructor. The numerical simulations are carried out on the numerical domain [rmin, rmax] × [0, 2π), where the grid is uniformly divided with the cell size (∆r, ∆φ) =(0.117, 0.024). We choose the interior boundary rmin to be inside the black hole horizon, where we apply an excision. The exterior boundary rmax is divided into two halves, one in which the gas enters the domain where we apply inflow boundary conditions, and a second half where the gas leaves the domain and where we apply outflow boundary conditions there. The numerical grid is uniformly spaced with resolutions ∆r, ∆φ. We use a constant time step given by ∆t = C min(∆r, ∆φ), where C is the Courant-Friedrich-Löwy condition, which in our case is C = 0.2.
INITIAL DATA
The initial data corresponds to a non homogeneously distributed gas which fills whole the domain and moves on the equatorial plane along the x direction with velocity gradients. The initial velocity profile 
coordinates, is given by the expressions
where Hi (i = 1, 2, 3, 4) are functions associated with the components of the space-time metric; for more detail of this see (Cruz-Osorio et al. 2012; Lora-Clavijo et al. 2015b ). Now, following Rufferts's work (Ruffert & Anzer 1995; Ruffert 1997 Ruffert , 1999 , we chose vini and the initial density profile ρini as
where ρ0 is a constant density value, v∞ is an asymptotic initial velocity, a = J/M is the black hole rotation parameter, ρ and v are the parameter specifying the magnitude of the density and velocity gradients respectively and ra = M/ v 2 ∞ + c 2 s∞ is the accretion radius, which is defined in terms of the asymptotic values of the sound speed cs ∞ Petrich et al. (1989) . The initial data, we consider in this work, can be summarized in Table 1 , where the relativistic speed of sound is set to cs∞ = 0.1.
NUMERICAL RESULTS
In this section, we present a numerical study of the effects in the accretion of a relativistic wind with velocity gradients onto a rotating black hole, which is described by the Kerr line element in Kerr-Schild coordinates. In particular, we have studied the mass and angular momentum rates for different parameters. Specifically, we have focused in the spin of the black hole a, and the velocity-gradient parameter of the gas, v . In order to illustrate the morphology, we show a comparison between the case a with non-velocity gradient ( v = 0 ) and the one with v = 0.3 (Figure 1 ), once the system has reached a steady state. The mass and angular momentum rates are shown in Figures 4 and 5 , respectively.
As we can see from these models a nearly stationary pattern is reached. Finally, we considered a special case, where not only velocity gradients are considered but also strong density gradients ρ, see Figures 2 and 8.
Morphology
In this section, we show, for the first time, the morphology of a relativistic supersonic wind, which is moving toward a rotating black hole with velocity gradients. Despite this first work is not carried out in full 3D, slab symmetry gives us a basic understanding of the morphology when velocity gradients are considered. This first intent is the first one toward more realistic scenarios (more realistic 3D simulations). In order to illustrate the morphology of the supersonic relativistic Bondi-Hoyle accretion with velocity gradients, we compare in Figure 1 the results obtained with and without gradients for different spins of the black hole. Specifically, in the left column of this figure, we show the case with a uniform velocity gradient with spin parameters a = 0 (top) and a = 0.5 (bottom), while in the right column, we present, for the same spin parameters respectively, the case with v = 0.3. The snapshots represent the logarithm of the gas density in geometrical units at the time t = 2000M , once a steady state is achieved.
The most notorious difference on the morphology, between the system with uniform velocity profile and the one with gradients, is the dragging produced on the shock cone when v = 0 is considered; such effects are more significant when the velocity gradient is increased. Of all the models considered, the model M6 has greater dragging than the others, showing a bigger opening angle of the shock cone. On the other hand, the spin effects can be appreciated very close to the black hole while the gradients have a high significance in all numerical domain.
In order to illustrate the different effects over the shock cone due to the velocity gradients, we show in Figure 3 , once the system has reached a steady state, the rest mas density profile as a function of the angle φ, measured by a detector located close to the event horizon. We compare the dragging effect and the opening angle of the shock cone for three different values of v = 0.1, 0.20.3, that is for the models M 2b, M 4b, M 6b. As we can see from this figure, when the velocity gradient parameter increases the dragging effect is more noticeable and the opening angle is bigger. Specifically, for v = 0.1, v = 0.2 and v = 0.3 the opening angles are 1.8437, 1.96148 and 2.2508, respectively. The same behavior is observed for the models
The morphology of the rest mass density gives us a clear vestige about the effects of the gradients in the accretion process. Such gradients are able to change the behavior of the wind along the evolution giving a general evidence that the accretion of winds can be totally different due to the nonuniform properties of the gas in the interstellar medium.
Accretion rates
In this subsection, we focus on the analysis of our numerical results obtained for the mass and angular momentum accretion rates, which are computed following the expression presented in our work Lora-Clavijo et al. (2015b) . These quantities are measured in a detector located close to the event horizon of the black hole.
The mass accretion rates are presented in Figure 4 , where we can observe that the behavior along the time evolution reaches rather quickly to a steady state for all the models; regardless of the different values of v that are considered. These values range from 10% to 30% over one accretion radius or gradient values v = 0, 0.1, 0.2 and 0.3. These results differ from the Newtonian case Ruffert (1997) , where an unstable and decreasing mass accretion rates were encountered. We show in the top panel of this figure, the case corresponding to a gas moving towards a Schwarzschild black hole, while in the bottom one, the case corresponding to a gas moving toward a Kerr black hole with spin parameter a = 0.5. We found that the spin of the black hole does not affect too much the mass accretion rates, unlike the gradient velocity parameter, which produces an increment in the mass accretion rate. Even though the mass accretion rates for the cases v = 0.2 and v = 0.3 are similar, we observe the value ofṀ is bigger for v = 0.3. Thereby, we can set that the greater the value of v is the greater the mass accretion rate. However, it is worth mentioning that when v increases the system becomes a bit more unstable. Even so, all the models considered reach a fairly steady state, like in the case of non-velocity gradients (Font & Ibáñez 1998a,b; Font et al. 1998 Font et al. , 1999 .
On the other hand, in order to illustrate the effects for different values of the asymptotical Mach number and the adiabatic index, we show the figures 6 and 7, respectively. In both cases the spin of the black holes is a = 0.5. Specifically, in Figure 6 , we present the mass accretion rates (left column) for a relativistic fluid with Mach number M∞ = 3 (left top) and M∞ = 5 (left bottom). As we can see from both cases, the relativistic flows also reach a stationary pattern and like in the case of M∞ = 4 we can state that the bigger the velocity gradient parameter the bigger the mass accretion rate. Now, for a given value of v , it is worth mentioning from Figure 4 (bottom) and Figure 6 (left column) that the mass accretion rate increases when the mach number decreases. Finally, we also show in Figure 7 a comparison ofṀ for different values of Γ for a relativistic fluid with velocity gradient v = 0.2. In this case, as it was expected, for bigger values of the adiabatic index the system reaches faster a steady state.
Because the space-time considered in this paper corresponds to a rotating black hole, we are also interested to know the effects of the velocity gradient on the angular momentum accretion rates. Specifically, we compare in Figure  5 , the behavior of the angular momentum accretion rate, for a black hole with non-spin (a = 0) (top panel) and for one with spin (a = 0.5) (bottom panel). We reproduce the case where non-velocity gradients are considered Font et al. (1999) , that is, the angular momentum accretion rate is zero in the case with spin zero (top panel -dot black line) and ∼ −1.6 in the case with spin a = 0.5 (bottom panel -dot black line). In the non-uniform case, we can see the fluctuations are more notorious in the cases v = 0.2 and v = 0.3, however as we mentioned before the system reaches a stationary flow pattern. We also see that the bigger the velocity gradient parameter is the bigger angular momentum accretion rate. Finally in Figure 6 (right column), we show the momentum accretion rate for different values of the asymptotical Mach number, M∞ = 3 (right top) and M∞ = 5 (right bottom). As we can see, again the oscillations are more noticeable for the cases v = 0.2 and v = 0.3, even so the behavior is similar as in the case M∞ = 4, that is, the system reaches to a fairly stationary flow pattern.
Special case M7
We also carry out a numerical simulation in which we consider an extremely rotating black hole with spin a = 0.98. This special case includes velocity and density gradients and assumes that the gas is moving with low Mach number, M∞ = 1. We take the greatest values of the gradient parameters we can achieve, that is v = 0.3 and ρ = 0.5 . The morphology of the gas moving toward a black hole can be found in Figure 2 , in which we can observe a kind of flip-flop oscillation of the shock cone that appears in the early satges of evolution until t = 4000M ; after that, the system reaches a stationary pattern.
In the top panel of Figure 8 , we present the mass accretion rate measured by different detectors located in whole the domain. As we can see,Ṁ behaves similar in the different detectors, showing a stationary pattern. On the other hand, the most notable trends of unstable oscillations in angular momentum rates (bottom panel) are found in Model M7, in which we combine the density and velocity gradients with a high spin of the black hole, a = 0.98. The long time evolution of this case can be observed in the bottom panel of Figure 8 , in which strong oscillations appear, ringing like a flip-flop that coincides with the oscillation in the morphology of the shock cone presented in Figure 2 . Nevertheless, after a few periods, the accretion rate reaches a fairly steady state, fluctuating around the constant value,ṗ φ ∼ 1 × 10 −4 .
CONCLUSIONS
We have investigated, for the first time, the influence of the velocity gradients, with different Mach numbers and adiabatic indexes, on the relativistic accretion of a supersonic gas moving onto a Schwarzschild and Kerr black holes with different spin parameters. The numerical evolutions were carried out on the equatorial plane using CAFE code. We particularly study velocity gradients, which are perpendicular to the relative motion of the relativistic fluid, similar to the Newtonian case (Ruffert & Anzer 1995; Ruffert 1997 Ruffert , 1999 . Our numerical set of parameters focuses on the spin of the black hole a, velocity gradient v , particular Mach numbers, M∞ = 1, 3, 4, 5 and adiabatic indexes Γ = 4/3, 5/3, 2.
Our numerical results, for relativistic winds with Mach number M∞ = 3, 4, 5, are summarized in figures 1, 4, 5 and 6. These figures show the morphology and the accretion rates for different values of the velocity gradient parameter v = 0, 0.1, 0.2, 0.3, in combination with different spins of the black hole, a = 0, 0.5. By comparing the morphology with and without velocity gradients, we find an evident dependence with the velocity gradients. Specifically, we obtain a notorious drag and greater opening angle on the resulting shock cone, when the gradients are considered. From figures 4, 5 and 6 and for the set of parameters used, we can observe that the greater the values of v the greater the mass and angular momentum accretion rates. Moreover, despite the oscillations presented in the angular accretion rates along the time evolution, the system reaches a fairly steady pattern.
On the other hand, we have also studied a model where not only velocity gradients are considered but also density gradients. For this evolution, we consider a relativistic fluid, with Mach number M∞ = 1, moving towards a black hole with a spin of a = 0.98. The gradient parameters are v = 0.3 and ρ = 0.5. This specific system reveals, a kind of flip-flop behavior at the early stages of the evolution, see Figure 2 . However, after that the system reaches a stationary state. This fact is more notorious in the angular momentum rate plot (Figure 8 (bottom) ), where we can observe that in the early times until t = 4000M the system oscillates and after that, it relaxes reaching a steady state.
Even thought, this work was carried out in the slab symmetry, we provide a novel vestige about the behavior of the accretion process in the presence of velocity and density gradients. In order to obtain more realistic astrophysical sceneries, it is necessary to consider a non-fixed background in full nonlinear general relativity, where the gravitational wave signature can be studied. Figure 1 . Logarithm of the rest mass density in geometric units at t = 2000M , once the system reaches a stationary regime. The models correspond to a fluid moving with Newtonian Mach number M∞ = 4. The left column shows results, with non-velocity gradient, for two values of the spin of the black hole, a = 0 (top) and a = 0.5 (bottom), while the right column presents the results obtained with a velocity gradients parameter of v = 0.3, for the same spins. It can be appreciated a dragging of the shock cone due to the velocity gradients, fact that is more notorious when the velocity gradient is increased. The coordinates are normalized by the accretion radius as x = x/ra andỹ = y/ra. Table 1 , respectively. Even thought in the models M 5 and M 6 ,Ṁ is a bit unstable than the others, it is possible to set that the bigger the velocity gradient is the bigger the mass accretion rate.
Figure 5. This figure shows the angular momentum accretion rates measured near the event horizon. Again, as in the figure 4, the top panel presents the case with spin zero, while in the bottom one with spin a = 0.5. We can appreciate notable changes when the velocity gradient parameter is increased, that is, the greater the velocity gradient is the greater the angular accretion rate. Figure 6 . In this figure, the mass (left column) and angular momentum (right column) accretion rates for a relativistic wind moving toward a rotating black hole (a = 0.5) with asymptotical Mach number M∞ = 3 (top row) and M∞ = 5 (bottom row), for different velocity gradient parameters, are presented. The behavior is similar to that presented in Figures 4 and 5 , that is, the bigger the velocity gradient parameter is the bigger the mass and angular accretion rates are. On the other hand, despite the oscillations presented in the angular momentum accretion rates, the system in both cases reaches to a fairly stationary flow pattern. We show a long time evolution of the mass (top) and angular momentum (bottom) accretion rates for the model M 7 . These quantities are measured at different detectors distributed uniformly along the radial coordinate, starting near to the event horizon. In this case we assume that wind has not only velocity gradients but also density gradients. We adopted the particularly values v = 0.3 and ρ = 0.5 and M∞ = 1.
